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Miniaturized Tables of Bessel Functions. II* 

By Yudell L. Luke 

Abstract. In a previous study, we discussed the expansion of two-parameter functions in 
a double series of Chebyshev polynomials, and, in particular, we presented coefficients for 
the evaluation of the modified Bessel function (2z/br)"2e'K,(z) to 20 decimals for all z 2 5 
and all v, 0 < v ! 1. In the present study, we give similar coefficients for the evaluation of 
ge'z-#I,(z) to at least 20 decimals where I,(z) is the modified Bessel function of the first 
kind and g and ju are certain constants which depend on the range of the parameter and 
variable for four different situations. The ranges are (1) 0 < z < 8, 0 ! v < 4; 
(2)0 < z g 8,4 i v ; 8; (3) z 2 8, -1 ? v 9 0; (4) z 2 8,0 9 v 5 1. 

1. Introduction. In a previous study [1], we discussed the expansion of two- 
parameter functions in a double series of Chebyshev polynomials, and, in particular, 
we presented coefficients for the evaluation of the modified Bessel function (2z/ir)12 

X e8K,(z) to 20 decimals for all z ? 5 and all v, 0 _ v < 1. Since K,(z) = KI,(z) and 
K,(z) satisfies a three-term recurrence formula which is stable in the forward direction, 
we have in essence coefficients for the evaluation of K,(z) for all z _ 5 and all v 2 0. 

In the present study, we give similar coefficients for the evaluation of ge-5z-1I,(z) 
to at least 20 decimals where I,(z) is the modified Bessel function of the first kind and g 
-and it are certain constants which depend on the range of the parameter and variable 
for four different situations as follows. 

z range vi range g 

(1) 0 < z < 8 O < v < 4 v 1 

(2) 0 < z < 8 4 _ v _ 8 v 1 

(3) z 2 8 -1 < v < 0 -1 (2Xr)Y12 

(4) z ? 8 0 < v ? 1 -1 (2Y 1"/2 

The recursion formula for I,(z) is always stable in the backward direction but only 
conditionally stable in the forward direction. Thus, even with the coefficients given 
here, we still lack coefficients to compute e%I,(z) for all real z and for v sufficiently 
large. A study to correct this deficiency is under way and will be reported at a later 
date. 

2. Chebyshev Expansions for I>(z). In [2, Vol. 2, pp. 338-340, 359-367], we gave 
coefficients for the expansion of z I4(z) in series of Chebyshev polynomials for 
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O < Z?< 8, v = 0, Alj,i A, i, Atj, 1, and, similarly, for the expansion of 
(2Trz)11/2e'I,(z) for z 2 8, v = 0, 3, , , 1. The coefficients for the range 0 < z ? 8 
are based on the 0F1 representation for I,(z) which does not directly reflect the fact 
that for fixed v, I,(z) grows exponentially with z as z increases in the sector larg zl < 
Tr/2. Now, I,(z) has a representation in terms of a 1F, which does reflect this ex- 
ponential behavior and, in this present paper, development of the desired coefficients 
is based on this representation for 0 < z ? 8. The representation used in the cited 
reference for z 2 8 is also used in our present study to derive the desired coefficients 
already noted. 

From [2, Vol. 1, p. 213], we have 

(1) z'e'l,(z) = [2'r(v + 1)1' , F1(a; c; -2z), 

a=c/2= 2 + v. 

In general, from [2, Vol. 2, p. 35], 

(2) 1F1(a; c; z) = E Gt(a, c, X)T*(z/X), 

ek;(a)kX F a + k, k 
(3) Gk(a, c, ) = 22k(c)) k! 2F2 c + k, 1 + 2k 

2G,(a, c, X) (k + 1) (k + 3-a) 4(k + c) c 

Ek2 (k + a) (k + 2 ( + ( +3 c, 

(4) + 
2 { 

I(k + a) + 2(k + 
G)(k 

+ 3 c) 
Gt+2(a, c, X) 

(k + a) 2 X - 

+ (k + I1)(k + 3 -a) Gk;+3(a, c, X). 
(k + 2)(k + a) 

In the above, 

(5) = 1 ifk = 0, k = 2 if k > 0. 

Using [2, Vol. 1, p. 244], we find that for a, c and X fixed, 

(6) G (a c A) =r(c)('X/4)'; Gk Gk(a, c, X) r=)k 
(6) rak 

[ + X2 - 8X(c- a)- 8(c - a)(c + a - 1) + O(k 2)1 

Thus, the expansion formula (2) converges and since the 1F1 in (2) is one when 
z = 0, it follows that 

(7) E2(-)kGk(a, c, X) = 1. 

Further, after the manner of the discussion given in [2, Vol. 2, pp. 159-166], we can 
show that use of the recursion formula (4) in the backward direction is convergent. 
Thus, for a fixed X, we can generate the coefficients Gk(a, c, X) for given values of a 
and c. Suppose for example that c is fixed and we permit a to vary. Then, we can find 
coefficients D,.,(c, X) such that 
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(8) Gk(a, c, X) = Dr,k(C, X)T*(a/w), 0 < a ? w, 
r-O 

and so achieve a double series of Chebyshev polynomials for the evaluation of 
,F1(a; c; z) for c fixed, valid for 0 < z < X and 0 ? a ? w. The manner of getting 
Dr, k(C, X) has been given in [1] and we omit further details. 

Next, we seek a descending-type expansion in series of Chebyshev polynomials 
for the evaluation of I,(z) in the neighborhood of z = + oo. To this end, we can write 
[2, Vol. 1, p. 226, Eq. (9)], [2, Vol. 2, p. 22, Eq. (10)], 

(9) IV(z) = (27rz)12 ez F(z), 

(10) F,(z) = G(2Z |2 + 
I 

, - 

(11) F,,(z) = E Mk(V, X)Tk*(X/Z), X fixed, X/z < 1, z > 0, 
kIO 

(12) Mk(v, X) = r 1/2Ek(-&.)kG (2x | 1 k, k +; v)' 

Mk(v, X) = lEk 1G | 2 k V + V) 

and from [2, Vol. 2, pp. 153, 154 and Remark 1, p. 155], we have the recursion formula 

2Mk(v+l)fX (2k + 3)(k + 3/2 + v)(k + 3/2-v) 
Mk ) 2(k+ 2(k + 2)(k + 2 + v)(k + 2 -v) 

+ ~~~8X +0 ) 
(k + + v)(k + 2 - v) (13) + 2 2 )c 1 M+~,X 

+{I 1(2k+ 3 + )} Mk+2(V, X) 
(k-+ 1+ v(k+ 4 - v) 

(k + 1)(k ? 5/2 + v)(k + 5/2 - v) Mk + 3(v, X), k ?> 0. 
(k + 2)(k + 2 + v)(k + 2 - v) 

Actually, (13) is not valid if v is half an odd integer unless k + 2-v > 0. If, for 
example, v = 2 + n, (13) is only valid for k > n. However, we can get a further re- 
lation if first we multiply through by k + 2-v and then set k + 2 -v = 0 for 
k = n. In particular, if v = 2, we have 

2MJ(1, X) [8X - 3(k + 1)]M (1 ) [8x + 3(k + 2)]Mk(I ) 

(k + 3) 
Mk+3(2, X), k > O, 

k 

(15) (8X - 3)M1(', X) = (8X + 6)M2(A, X) + 3M3(l, X). 

It can be shown that 

(16) M0(4, X) = 27K1'/2 Erf(x), x2 = 2X, Er f(x) f et2 dt, 
2~~~~~~~~~~~~~~~~~~~ 



792 YUDELL L. LUKE 

(17) M1(J, X) = 8M[1 - Mo(I, X)] -4(2X/) e 

With z + c, (11) yields the useful normalization equation 

(18) ? (-), M,(v, X) = 1. 
k-O 

From [2, Vol. 2, pp. 23, 24], 

(19) Mk(v, X) -- k-1[u exp {-3(2Xk2esw)l/3 + v exp {3(2Xk2e ")l')'/] 

where u and v are constants. The two other linearly independent solutions of (14) can 
be taken in a form such that they are 

(20) O(k1C exp{3(2Xk )13}) and O(k exp I-3(2Xk2e)1/3}). 

It follows that the desired solution of (14) is not minimal in the sense of Gautschi [3] 
or not antidominant in the sense of Wimp [4], and consequently the backward re- 
cursion process for the evaluation of Mk(v, X) will fail unless modified. The necessary 
modification is discussed in [2, Vol. 2, pp. 163-164] and studied further in Wimp 
[4, Theorem 3]. We now describe this procedure. 

Let N be a large positive integer. Put 

(21) g N+ = 0, k =2, 3,*** g(N)=1 

and compute g(N), n = N, N - 1, * *, 0 from (13) with Mk(v, X) replaced by g(N). 

(Here we assume that v is not half an odd integer. The case when v = i is treated 
later.) Put 

N+1 '-1 
N) (N) (~~~~~~(N (N)~ (22) M,()(v, X) = p(N)g(N) n = 0, 1, ** , N + 1, (N) = (- )3g ) 

Let N1, N2 be two different N values. We can find a number ,u depending on N1 and N2 
such that 

N1+1 N,+1 

(23) A E MN")(v, X) + (1 - j) E MINS)(v, X) = (2T7X)'2eeI,(X). 
k;-O Ak-0 

Then 

lim [pLMI NO(v, X) + (1 - ,4)M,N(v, A)] = M,(v, X), 
(24) N1-. ;N2-. ;N1,ON, 

k = 0, 1, 

If v is half an odd integer, another technique must be used as the process just 
described breaks down due to the presence of the product (k + I + vXk + I - v). To 
illustrate, consider the case v = i. In this event, 

(25) F1/2(z) = 1 -e2'. 

We have need for the three normalization relations 

(26) 1 - = M(12, X), 
(- M 

co 

(27) 1 = (_)'1Mt(12 X), 
n- 



MINIATURIZED TABLES OF BESSEL FUNCTIONS. II 793 

(28) 1 -e = 1E (-)YM2b(2, X), 
k-O 

which come from (9)-1 1) when v-= and z = 2X, + o and 4X, respectively. 
Again, let N be a large positive integer, set 

(29) gN+k = 0, k = 2, 3,*** gN= 

and compute 

g1(N) 
n = N, N - 1, *,1 

from (13) with Mk(i, v) replaced by gkN)* Let 
N)(N) (N) (N) 9(N) (30) Mk = p (g , k = 1, 2, *, MON) =go 

Then from (26) and (27), respectively, we have 

(31 ) go~~~(N + P N) E g(N) = - 
e2X (31)90 e 

k-1 

(32) gON) + P(N) i (_)kg(N) =1 
k-I 

Thus 
-2X 

(33) p(N) 
-e 

2 xk-O g2k+1 

and goN) can be recovered from either (31) or (32). Let N1, N2 be two different N 
numbers. We can find a number ,u depending on N1 and N2 such that 

N,+1 N*+1 

(34) E (_) M2(N,2 2, X) + (1 - I) (_)kM(N*) CO- 

k-O k-O 

Then 

(35) lim (pM N1)(2, V) + (1 - , Nt)MaN)(1, V)] = Mk(4, X), 
N1--z;N,_- ;N,F0N, 

k = 0, 1, 

The coefficients can be checked using (16) and (17). Alternatively, we can make use of 
(17) to find a number ,u* such that 

(36) 
8Xbs*MM(N,)(1, 

X) + (1 
_ 

N*)Mo)(i, X)] 

+ M*MN)(1, X) + (1 - *)M(Ns)(j, X) = 8X-4(2X/r)l/2e2X. 

Then Mk(', X) follows as in (35) with y replaced by ,.* and (28) can be used as a 
check. 

Another scheme to compute Mk(v, X) for v half an odd integer is to use the pro- 
cedure described by (21)-{24) to get M,(v, X) for v in the neighborhood of half an odd 
integer and then employ the Lagrangian interpolation formula. 

3. Numerical Results. From (1), (2) and (8), with a slight change of notation, 
we have 
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I(z) = z e E H,(v) T,*(z/8), 0 < z ? 8, 

(37) k-0 

Hk(v) = , Dr,kTr t ) < s v s + t. 
r-O \t 

In Tables 1 and 2 of the microfiche section we present values of D,,k which were 
evaluated by the technique described in [1] for s = 0, t = 4 and s = t = 4, respectively. 
To develop the numerics, values of r(v + 1) were required. These were obtained by 
use of the schema of my previous paper [5]. Numerous checks were made on the 
coefficients. In addition to those of the kind discussed in [1], checks were also made 
using the recurrence formula for I,(z), namely 

(38) I,+1(z) + I,(z) - I,.1(z) = 0. z 

Further checks were accomplished by comparing values deduced from (37) with 
those computed from power series, especially when v' is half an odd integer, for in this 
instance 

e In+1/2(Z) = (27rz)- /2[AA(z) + (-r+)e-2' A.(-z)], 

(39) 

A.(Z) = 2Fo(-n, n + 1;2z 

and An(z) is a polynomial in z-1 of degree n. Wronskian relations were also used to 
get checks. The computations were designed so that the coefficients for 0 ? v' ? 4 are 
accurate to about 25D while those for 4 ? v ? 8 are accurate to about 27D. To evaluate 
e'I,,(z), we must incorporate the value of z'. As 0 < z < 8, we see that the coefficients 
are sufficiently accurate to produce e-'I,(z) to about 20 decimals at least. 

From (9)-(1 1) with a slight change of notation we write 

(40) I,(z) = (27rz) e E Mk() T*(8/z), z _ 8, 
k-0 

co 

(41) Mk(v) = E Er,,T*(v), 0 < v < 1, 
r-o 

(42) Mk(v) = E Fr,,JT(-v), -1 < p ? 0. 
r-O 

In Tables 3 and 4 of the microfiche section we give values of E,, k and F., k, respectively. 
In the development of these coefficients, the appropriate values of (27rX)1/2e-I,(X), 
as required by (23), were obtained from (37) for v > 0 and (38) was used to get the 
values needed for v < 0. Again, the coefficients were subjected to numerous checks. 
For example, for z = 8, we compared values of I,(z), as obtained from (40)-(42), with 
those obtained from (37) and (38) when appropriate. We also used the defining 
relation for K,(z) in terms of I,(z) and L ,(z) to compare values obtained using the 
coefficients in [1] and the coefficients in the present tables. Further checks were gotten 
by use of a Wronskian relation. The coefficients are sufficiently accurate to enable the 
computation of e-'(27rz) 1211(z) to about 22 decimals. 
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2 0.04000 60000 00000 00000 00423 91 2 -o0.0400 00000 0 06n 0 000 0000? '1 3 .60.0000 0000 08000 00000 @0015 3? 3 0.04000 gOOS O 000 00000 00003 044 
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0 0.9961 36S5 OS33b 32062 20 0 -0.00401 40331 6S105 0298 3? 
1 -0.01629 10?23 8329 ?"23 34 1 -0.01652 ?66?3 31909 09013 13 
2 -0.0039 00326 49993 993S8 09 2 -0.00400 555)? 8*259 834?f S2 
3 0.0.0.S 26113 00143 1501? 04 3 0.600? IS35 44267 236S6 84 
c; 0.06000 6255? 24366 641?3 90 4 0.00000 84364 96461 04621 30 
'i -0.00000 0100$ 3&59 12001 OS S -0.00000 OIW 05341 01459 00 
6 -0.00000 0006 9S123 SOS? S2 6 -.OOnOl0 0011? 19102 9*032 59 
d 0.00000 000.1 45?S 449?9 69 ? 0.06000 00002 39194 7120S 79 
n 0.00000 00000 0?922 5?1?6 9? 0 0.06000 06000 11901 *4629 29 
9 -0.00000 0000 00180 95644 10 9 -0.00000 00000 00310 ?46 11 

10 -0.00000 00000 00007 06090 39 10 -0.00000 00000 00011 9?168 51 
11 0.*0000 00000 00000 2061? ?1 11 C.00000 00000 00000 36923 9S 
12 00*00 00060 00000 0623 S? 12 0.0*000 06000 08000 0090S 40 
13 -0.0000 00000 00000 00022 42 13 -0.00000 06000 06000 00640 50 
14 -0.00000 00000 OOOOC 00000 25 14 -0.00000 00000 00000 00000 43 
1 0.00000 00000 00000 00000 02 IS '.00000 00000 00000 0oon0 04 

- l_ ;, h~~~. a 2 r s 

0 -0.00002 83035 61655 552?0 96 G -0.00000 06955 69590 22?19 23 
1 -0.00024 46146 SS718 44?12 36 1 -0.00000 439?6 31?21 36630 48 
2 -0.00002 61060 96449 342?7 62 2 -0.00000 06108 ?9?64 ?693 94 
3 0.00001 9?268 392S2 72S5? 42 3 0*.0600 00226 90020 20?3? 34 
4t 0.00000 22450 6546? ?4325 00 4 0.60000 00651 84021 31?S3 10 
c; -0.06000 006?3 101?S ?143? 91 5 -0.00000 00149 81940 84090 02 
C. -0.06000 00049 79011 31089 0S 6 -0*.0000 00010 16?44 15913 4S 
7 0.00000 06001 310?0 19933 23 ' 0.00600 00000 46611 33?01 OS 
8 8.00000 06000 0642 520 ?0 8 0.00000 00000 022?0 814124 62 
9 -0.00660 06060 06196 71069 04 96-.0000 06000 00091 52609 6S 

10 -0.00000 06000 0000? 23110 98 10 -0.60000 00000 06003 01669 80 
11 0.00000 00000 00000 5?s9 45s 11 3.00000 0000 00000 14ISS 50 
12 0.00000 06000 06000 085? 63 12 0.00000 00000 00000 00260 6? 
13 -fl00000 00000 00000 00030 06 13 e0*60000 0.000 06000 00014 17 
14 -0.06000 06000 00000 00000 2S 14 e000000 00000 00000 000.0 08 
15 0.00000 00000 00000 00000 03 15 0.00000 00000 00000 00000 02 
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0 -0.06000 00341 ?S2T5 85093 63 C -0.00000 0OOS9 25360 9?692 36 
1 -0.06000 063" 69369 30" 23 1 eo0*0600 006 62950 04823 26 
2 -0.00000 00228 37493 95620 6S 2 0.00600 00012 6*210 16?41 60 
3 0.00000 006?? 8900 26021 41 3 0.000,0 000?6 6S226 9602 42 
4 0.60000 00030 04633 14?3f 60 4 0.00000 00000 04362 19310 74 
5 -0.00,00 00014 66421 06403 41 5 *0.60000 060001 93168 29938 ?7 
6 -0.00000 00000 6S536 0021 60 6 -0.00000 00000 03319 64005 ?4 
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10 -0.00000 00000 00000 79674 ?6 10 -0.00000 00000 00000 0*430 46 
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14 000600 00000 0000000000 02 14 0.00000 00000 Oe?OO 0000 05 
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0 -0.00000 00019 76212 12066 64 0 -g.00000 0000 3"866 32786 40 
1 -0.00000 00102 00031 71716 72 1 -0.00000 00014 93852 7792 09 
2 0.00000 00014 05119 6931? 49 2 0.00*00 "000 414" 43019 IS 
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5 -0.600.0 00000 31921 "916 04 5 -0.00 000040 0505? 01336 39 
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13 -0.00000 00000 00000 06000 97 13 -0.00000 00060 00000 OSOn 13 
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0 -0.00000 @0002 1600 60721 02 0 -0.00000 00000 41900 S5790 89 
1 -0.00000 00000 46346 6"13 21 1 0.000 00006 69*73 T4528 40 
2 0.00000 00002 23022 07317 47 2 0.60000 00000 4564 908357 54 
3 0.00000 00000 07897 3S545 06 3 -0.*0000 04004 0977S 62430 10 
4 -0.00000 06000 11219 28095 25 4 -0*.00000 @@00 02340 53856 72 
S -0.00000 0*00 00235 05707 69 5 0.00000 00000 00279 34,21 34 
6 0.00000 00*00 00190 7030R 17 6 0.00000 00000 00041 44833 81 
7 0.00000 00000 00002 10"0 I1 7 -0.0000 06000 00003 650S IS 
a -0.00000 *0000 00001 71492 40 S -0.00000 0000 00000 34S47 15 
9 -0.00080 00*00 00000 00308 26 9 0.00600 00000 00000 02647 09 

10 0.00000 00000 00000 00035 f 10 50*000 00000 00000 00153 59 
11 -0.0000 0004 0000 00006 31 11 -0*00000 00000 00000 00012 07 
12 -0.00000 00000 00000 00002 46 12 -0.00000 0Os00 00000 00000 37 
13 0.00000 00000 00600 00000 04 13 0.60000 00000 00000 00000 04 
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0 0000060 00000 01769 02144 60 0 0.00000 00000 04375 7746? 10 
I 0.0000 00004 35545 06038 43 1 0.0000 00000 03431 104%2 97 
2 -0*00004 0000 00453 M99 76 2 -0.0000 00000 0424 7409S 01 
3 -0.00000 @0000 0402 50030 16 3 -0.""0 00000 00649 41763 33 
4 0*0000 0"08 900G5 6456 29 4 0.0000 00008 00219 60452 22 
5 0.00060 00010 00126 65203 76 5 0.000000 00 00e1 3096 61 
6 -0.00000 00600 00000 92934 20 6 -0.0000 @0000 00004 140SO O0 
7 -0.00000 00000 00001 S"74 00 7 -0.00000 00000 00000 2103S 45 
a 0.00000 @0000 00000 01004 SO S 0.00000 00000 00000 03974 40 
9P 0.06000 00000 00000 01063 97 9 0.00000 0000 00000 00114 S8 
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C 0.00000 00000 01212 47474 53 0 -0.00000 00.00 00110 71293 14 
1 -0.00000 000.0 02020 160" 96 1 -0.00000 00000 OIZ0 1059s 69 
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* ^'~~ErICt '-- 14 r 1Ic' r,k,? S1 
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2 0.00000 06000 08161 99991 T5 2 0.00000 0000 00023 75411 36 
I 0.00000 00000 08000 69410 9? 3 -0.06000 00000 00013 02902 06 
4 -0.00000 00600 00000 43079 6? 4 -0.00000 0000 00001 22000 0? 
S -0.00000 90000 00600 17039 12 5 0.00000 0000 00000 409IS 14 
6 0.00000 @0000 00600 16008 04 6 0.00000 00000 00000 02334 1S 
7 0.00000 00000 0000( J0123 39 7 -000000 000@ 0000 OOno555 34 
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10 0.00000 00000 00000 00000 as 10 0.00000 00000 00000 00000 00 
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2 -0.00000 oo000 O15 420SS 03 2 -0.00000 0.0.000 S 443?? 21 
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6 -0.00400 00000 000n 0 01006 73 6 -0.00000 00008 000*0 00528 39 
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0 -e0.000 00000 00401 41637 33 & -0.00000 00000 00000 86469 63 
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a 0.00000 00000 04001 35103 *4 2 0.00000 00000 00000 89618 69 
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4 -0.00000 @@@oo 00.0. 072*3 72 4 -0.00006 0000 06000 04707 93 
5 -0.06000 00o@o 06000 017 S2 5 0.00000 00060 0.000 00341 60 
6 0.00000 00006 n0ooo 00148 78 6 0.00000 @0000 00400 60069 79 
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0 0.00000 000*0 00000 13296 15 0 0.00060 06000 00000 13821 70 
1 0.00400 00000 00000 *1839 70 1 -0.00000 00000 00000 09393 20 
2 -0.00000 00006 0000 1?2S3 01 2 -@.0*@@0 00006 0000 14033 00 
3 -0.00000 00000 06000 0M52 00 3 0.00000 06000 04000 0106? 32 
4 0.000060 00000 00000 00663 96 A 0.00000 00000 00000 00740 94 
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0 0.99401 37031 10412 92449 90 * -e*"44 40095 47007 0915? 09 
1 -0.01429 10721 64954 4401 34 1 -eO.fl4 74449 55631 290044" 
2 -0.00398 00400 51014 44059 19 2 -0004 5SSW 13349 370" 53 
3 06"45 24710 9S31 0204 32 3 0.004 15301 64629 45906 24 
4 0.0.000 42545 34754 4192 4 0.060 *440 2"65 50079 S5 
5 -0.*0.00 01004 2SI0 6154 94 5 -9*9000 @1S42 6354S 00020 70 
6 -0.60000 @4? is0 16. 0 93 4 00400 0011? 48340 0602? 44 
7 0.0.000 06"1 454.3 03309 40 7 0.0040 6,402 30774 4314 73 
8 0.00.00 0"4 000 otla? 4 0 0.6900 * ""4 1317S 70100 52 
9 -0.4""640@64" 04 8377 20 9 -0.00 0v000 00306 66391 79 

10 -0.0000 00064" 000? 95314 2 10 -0040000 006 00,013 4648 83 
11 0.0064 06400 00000 1 3S 11 0.""4 04000000 34702 43 
12 0.00000 00000 f0000 00794 93 12 0.000 00000 00000 01416 96 
13 -0.060" 6400 0 "640000010 30 13 -0.40000 6"460 0640 00032 79 
14 -0.0640000000 @0000 0000007 14 -0.600,0 0406 0s0060 00,01 59 
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C -0*.0602 63402 44301 73534 45 0 -0.0"60 0670 57418 27298 08 
1 -0.*0024 44143 35595 14034 16 1 -0.00000 93973 87631 89049 06 
2 .0.0,642 41334 65720 32033 32 2 4-046" 093 4140 41325 32 
3 0.0041 97205 0955" 646 30 3 0.0"" 60224 40303 93046 01 
4 0.60000 22443 6S14 01929 21 4 0.*00*0 0001 5844 85473 94 
b -0.04000 00472 91451 Si2S 60 5 -.0*0000 00149 6703? 16043 S? 
6 -0.00000 64oso 03466 39201 IS 4 -0*00000 00010 3S153 70316 13 
7 0.00000 00001 30713 15727 7 0.00000 00000 44539 954lS 40 
6 0.000 0006"O 07093 70172 95 0 0.64"6 0000 02443 44770 40 
9 -0.*0000 0640 00193 31140 7S 9 -0.00000 "600 000 94404 0? 

10 -0.00000 00040 000" 44,02 94 10 -0.64040 0000 00003 94934 62 
11 0.00000 00000 00000 2367? 67 11 0.00040 0640 06040 12733 93 
12 0.00000 00000,00 001004 38 12 0.00000 00000 04000 00576 44 
13 -0.00000 00000 09000 00023 40 13 -0.64600 0000 000@0 00013 23 
14 -0.00000 O0000 00000 O0el 22 14 4.*00640 60o 00000 00000 79 
15 0.04000 00000 00000 0000002 15 0.6460006 40 00000 00000 01 
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O -@.@@@@@ 00245 S535 16002 07 0 0.00000 00006 04148 50337 71 
1 -*0.6400 04376 0*6024 647 49 1 -0.64640 0040 64141 6030? 30 
2 -0.00000 003S0 87524 8262 90 2 -0.64640 6056 2643 12163 44 
3 0*00640 00476 1432 05938 00 3 0.6"000 007TS 60030 24413 79 
4 0.0040 00036 5374 4214S 91 4 0.06460 0"04 60634 93742 90 
5 -0.00000 06414 74672 41543 17 5 4.04006 401 07491 96469 65 
6 -0.00000 0000077694 01234 17 6 4._000 0"00 10325 0409 30 
7 0.00000 00000 10414 4439 97 7 0.00"O 00000 01756 87641 42 
e 0.06400 00000 00533 12744 75 0 0.06464 0600 00095 00093 61 
9 `0.*0004 00000 006" 07520 00 9 4.06464000 0 00007 4473S 92 

10 4.06400 0000 04"61 40S4972 10 4.0640 0"00 00000 42"3A 34 
11 0.00000 00000"6 4005190 S0 11 0.40000 00640 0000 OIS0 I 022 
12 0.*00000004000640 00273 15 12 0.06"0000000 00000 00111 22 
13 -**00000 00 640040045 41 13 -0.0"00 04000 00000 00001 S4 
14 -0*000 00006 06" 0 "t00 43 14 4.04"0000000 0.000 CltOO 20 
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0 0.00000 0"13 5990 1"Z 00 o 0.00000 *000 39301 9912 38 
I -O.0000 00101 0762 43050 01 ' -000000 0014 71331 92232 90 

0 -.-00900 00011 26 2 e0-40000 0000? 61543 32103 0 
3 0.0"" $Sel &I* 93 42 3 ..."S ."#I ff T"13 n9 

.00000 @0001 2941 403 3 2 4 
O73 .00 000 555" 7213 ye 5 400`00 00000 20974 07413 00 4 

-0*0000 0000 0329 10032 0 

0 -0.000" 0000 0202 54141 32 6 -eO.`0000 oooo 00370 3S300 06 
0.0000 000001 * 0 eO0T00 *** *t 5z: 3700 7 4-"" 000000293 7401 0 1 T 0.0000000000 00033 51503 20 

6 0.00000 00000 00025 39700 64 6 o.o000 000 " 00000 70 32 
9 -0.0 0""0 00SO1 3102 21 9 -4.0000 00000 00"00 100? 4? 

10 -00 000000 00000 13100 71 10 -4.00000 0 0 000000 0"3? 36 
11 0.00W 060000 00000 00"3 33 11 -0.4000 00000 0000 '0022 0 
12 0."0000 0"000 0000 000"39 12 0.00000 00000 0000. 00011 99 
13 -0.00000000 00.0 000 00 03 13 0.0000 00000 00000 0000 25 
14 -0.00000 0000 0000 00000 0? 14 -0.0000 00f00000 00000 02 

r Fr,k, k 8 r Fr,k, k - 9 

0 0.0000000002 11714 43771 S2 0 0.00000 00000 4443 6121? 12 
1 -0.00000 0o000 3*359 0307 00 1 0.00 00000 91790 "" 11 
2 -0.000 00002 32674 S444 51 2 -0.0 0 00000 4424 12309 43 
3 -0e0o*0o 00000 0530 4375 0 3 -4.0000 0"" 11935 305 *0 
4 0.0000000000 12304 4392 00 0.0""00 ""0 02104 37310 00 
S 00 00 00 219 272 54 5 0.00000 00000 0039 120" 59 
6 -0.00000 00000 0022? 0959 14 6 -0.0000 00000 80003 3173 54 
7 -0."000 O000o 00000 29124 7 7 -0.0""0 0 0"00 005 705 37 
0 0.0000 00000 00001 90700 23 0.0""0 0000 0"" 2"09 02 
9 0.000O 0000000000007400 9 0.00000 @0000 @0000 0434 53 

l -0.00000 00000 00000 00933 sO 10 eO.000 000 0 0006 IS 
11 -0.00000 0000 00000 00045 17 11 -0e.0000 0000900000000*0 39 
12 0.0000000 000 0 00 00002 39 12 -0.00000 0000 O@0 00000 OJ 
13 0.00000 00000 00000 00000 10 13 0.00000 0000 0000 00000 06 

r A ? r Fr 1 c 1 

0 -0.00000 iOOO@ o000 09909 40 0 -0.00000 00000 04034 60106 90 

I 0.00000 00000 30779 2200S 0 1 0.000,000000 0S312 091O0 43 
2 0.00000 0000 01709 273s3 05 2 0.00000 0000 041A0 23127 07 
3 -0.0000000000 0444 710*0 0 3 -0.00000 0000 0050 5033 91 
4 -0.00900 00000 00173 4411 40 4 e- f s00 00250 15103 09 
5 0.00000 00000 00130 6970 20 5 9.00000 00000 00013 50242 17 
6 0.00000 00000 0000 44000 10 6 0.""00 0"00 0"000 26730 32 
7 -0.00000 00000 0001 74S9 21 7 -0."000 0000000000 I10S0 29 
* -0.00000 0000000000 07930 11 e -0.00000 00000 00000 05344 07 
9 0.000 00 0000 01176 97 9 0.00000 @0000 0000 0,001 25 

10 0.00000000000 0.0 00662 77 1 0.0 0* 000000 0000 00031 02 
11 -0.00000 00000 00000 00004 34 11 0.00009 10000 o0000 00000 4 
12 -0.0" 000000 00*00 00000 30 12 -0.00000 @z*000 on000 0000 11 
13 0.04,000 0"00 SO o0 0 1 
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TABL 4 ( ) 

coemcilnte in the donsi of 

14:s) a (2Z)4t ft *,(V)I(S) a 8 
k~-o 

r-0 

r Fr,k, 12 r Fr,k, 12 r 

O -0.00000 0000 01205 3734852 0 0.000000 000000 "O 00047 
1 -9.00060 00040 02045 54339 77 I eo*040,4 oes 0e12s 072 5S 
2 0.0.... 00040012 48 84 37 2 0.060400 00000 00121 310W 94 
3 0*0400 0@000 @0272 47155 31 3 0.00000 00040 00135 04014 S5 
4 -0.00000 00000 0044 9445044 4 0.00000 ""0 00600 43210 0? 
S -0.00000 @000 00409 37139 50 5 e0*o"00000 0004 07714 02 
6 0.0040 000 000001 15349 35 6 eO.*0000 00040 O0000 22705 01 
7 0.00,00 0040 *s@ 1444 29 7 0.00000 ""0 00000 05322 91 
4 -0.0,004 0040006000 0094? 4 8 060000 0000 04" 0030? 9 
9 -0.000000 "40 000 0012209 9 -8.00400 00000 0600 00034 0S 

10 0*00000 00000 0000 00043 03 10 eO.00000 @0000 00000 00042 33 
11 0.00400 00060 00000 0000044 1 0.00060 *@@ @0@@ 0000 14 
12 -0.00060 00"400000 0000 01 12 0.004000 000000 0o 0oo 01 

r ?r,kL -14 r Fr,,LS i;15 

O 0600600 0600 0O0IS2 835?? 72 3 0o00o0o 00000 00022 75729 95 
1 -0000" 00000 0048 996 40 1 0.00000 0M000 00120 07774 39 
a -o.0@@@@0 60o 00149 01001 04 2 -0.00000 006 0 e8022 23571 40 
3 0.00060 00600 00003 33641 4 3 -0.00000 0000 00014 90697 9 
4 0."00 00000 00009 32344 51 4 0.00000 00400 000.1 onto I3 
5 0.00000 000 00000 02194 44 5 0.00040 00000 00000 4820 S5 
* -0.00000 00060 00000 10478 83 6 -0.0000 00600 00004 01432 S5 
7 -0.00000 000 0006060 O07 68 7 -0.00040 00000 00000 00404 77 
a 0.0000 00000 00600 00104 43 8 0.0000 000 00@00 00005 69 
9 0.00000 00000 00000 00004 44 9 0.0000 0$600 00000 OOOOS SO 

10 -0.60000 00000 00000 00601 07 10 0.00000 00000 00000 00000 04 
11 -0*00600 00000 00060 00068 04 11 -0.00000 00000 00000 00060 03 

r Fr,k, - 16 r tr,k * 1 

C -o.ooooo 00000 00014 0479 02 0 *0.00000 s000 n0oos 14646 94 
1 0.06000 0000 00628 14931 16 1 -0.00060 O004 00010 92090 Z5 
2 0.00000 00000 00061 5090 38 2 0.04000 0000 00005 440" 82 
3 -0.00000 i0600 @0003 20174 11 3 0.00000 0"00 00e01 41019 74 
4 -0.00000 00000 00600 9I5I 17 4 -0.*0000 06000 06060 202S4 25 
5 .OZO 00400 04060 000854 S 5 -0.*00000 00000 00000 04790 75 
S 0.00600 00040 600,6 02037 54 b 0.00600 00000 00000 O0SIS 59 
r -0.00000 06000 00000 00099 11 7 0.00060 00000 00,00 00074 02 
a -0.00000 00000 00OOO 00622 27 8 -0.00000 00000 00000 000* 44 
9 0.00000 06000 SMOG0 00000 S5 9 -0.00000 u0400 00000 060004 
0 0.000600 oOcoo 00000 00080 14 10 0.06000 00060 06000 00000 02 
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flUl 4 (Ootiaund) 

Cotfllcie.ta La tS Eqaxia of 

I'(z) - (2t)te 5 M(v)Tk(8/z) C 

sS.(v) - S kFr*<(_) 0 1s9a 
r-O 

r F . k .kS r Yr*k9 19 

3 e.g... oooson 0.001 2435T 0 0 0.00000 0400 06o00 64M0 02 
I -0e0X00* 0.0.0 0000S 17314 4* 0.00000 "0" 00"4 969f2 95 
2 -0.00000 0*000 00001 04438 1 2 -0.0CC0 0000" 0000 91063 96 
3 0.00"0 SO"k 600" 612*3 3 4.000"0 ""0 004600 13040 X 
4 0.00.00 * 0o. o.ooo onn 1 4 0.00000 ""0000.00 @400, si 
5 -0.00.00 00400 00000 010e 2*4 5 0.0""0 0CCOS 0000 00469 39 
6 -0.0000 10000 0000 0020" S1 6 -0.000" 00,000 " 0 000094 4 
7 6**.0.0 @000 O00O 00013 53 t e-f0,0, 00000 0000 @ 0"00 is 
8 0.00000 000 00000 00002 41 6 0.00004 00000 00000 @000 90 
9 -o*****0 0 000 040.0 0000 16 9 0.0040 @0000 @0000 000.0 0? 

10 0.0 00000 00" 0 0* 10000 0 

r Frk ` r 1I: 
- 21 

i -0e*@*@00000 0004 1130 91 0 e-0.0,000 0"00 00000 132*4 S5 
1 0.00000 0""0 @60" 02155 0? I -00"0 0 0"00 000 0*6? 03 
2 0.00000 0"00 09000 1)930 70 2 0.00000 0""0 00000 1434? 32 
3 -4.00000 00000 00090 @00 I? 3 0.000" 00000 00000 013S 20 

-0.00000 "000 "0400 ""0 ? O 4 e*g4fl0* 0000" 0000 0070 6? 
% 0.000 00000 0000 00303 22 5 -0.0000 0000 00600 @001 49 
6 0.00000 "0000 0400 00401 50 0.o000000 @0000 06000 000 15 4S 
T -0.00600 00"0 00000 0006 09 7 0.00000 "000 00000 0e000 91 
a -4000000 00000 00000 00000 2? 0 -0.00000 00000 0080 1S 
9 8.00000 00000 00000 00000 03 9 -0.00000 00000 00000 00000 @1 

Ir Fr,k, k - 22 r Fr . k - 23 

a 0.0o00o @600o 00600 0120 32 0 0.00000 00000 00"0 0211% 61 
1 -0.00000 00s0 00000 12"43 13 1 0.00000000" 0 0000 01341 9? 
2 -0.0000 00000 00000 014 14 2 -0.00000 00000 00000 029"0 52 
3 0.00 00,0"00000 01500 59 I -0.000 00000. 0*0 01905 S 
4 0.0ss 00000 000000 "I? IS 4 89.0000 0000 00000 60125 24 
5 -0.00 0"00 00000 00046 6* s 0. 000000 000 ""0 000 3M 
6 "00100000 000 00000 @0002 T2 6 -0.00000 000.0 00000 00002 S0 

0000000 00000 0000 0000 6? 7 -0.04000 00000 60000 0@*@1 13 
8 0004000 00000 000 0"00 0 4 8 0.00000 00000 004000 I"00 03 
q -0.0000 00000 00000 00000 01 

r F V F5r,kt ' 

O -0.00000 00000 00000 00223 04 0 0.00000 0000. 00000 00347 31 
1 09.00 0000 0 000" 0*094 53 1 -0.000000 00" "000 002? 7 
2 0.00"0 0000 00000 00*1* 20 2 0.0"000 ""0000 0031*99 
3 -S0.""00 00*00 @0000 @0253 42 3 0.0 0"000"0 00000 00036 10 
4 00009,100000 0 ""00 00016 @0 * -0.000" 0000 0""0 0"20 4? 
5 0.0060 00100000"0 00"0? " S -0.000000 0,000 0 0 0"01 42 
* 0."000 0000* 00100 0000 4% 6 0.0"00 00.00 000000000 41 
7 -0.000600000 0 00 000000 I1 7 s0o.000 00000 00000 0o00 02 

-0.00""0 0"" 000e0 00 0 001 
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bAKA 4 (Ceutimaled) 

Coettlciabts la E of 

IV(s) 
- (2)40sS9 v)(/), 

nk(v) t Fr,,t4U(V) , -1 s Q 
r"O 

C r r c . k o X x Fr kk 2 r 

0 o.o "" nooow "" own ooosr3 0 00000 000000000 "00T 44 
1 -o.0"" 0"" 00ooo @0345 72 1 0.000 00000 " 000 "f7 39 
Z -0000,00 00000 00000 000163 " I ..00 0 em. Mn" 0061 0f 
3 0000,00 00000 060ff 00041 71 3 e0.00000 0O "f00 00009 2f 
4 0.00000 00,00 00000 00003 9? 4 00,0000 ""n fl... 00@03 34 
S -0*0000 000"0 0060 "0001 " 5 00 "0 000000 0 0,000 33 
@ -o.n,o@ o.k0 ?ooo.o 000.0 09 -0.00*00 0000 00000 0060 0? 
7 0.0""o0 00000 00000 02 7 -0. 00"" ""0 00" 00060 01 

r Fr,k k 2 r,k-29 

* -0O00000 00000 00000 00014 31 a -0.0004 0000 00000 o oo09 11 
I 0.00O 00000 00056 8 I m2 1 eO00000 000000000 001 36 
2 0.0 000 09000000 0 00016 37 2 0.00000 *ono 00000 0000 " 
3 - 00000 06000 0000 00"00 73 3 0.000"0 00 00000 00002 35 
4 -0.00000 00"0 0"00 Oss0 " 4 -0.0000 0 000"0000" 0"" 52 
S 0. 000000 000000000 00000 21 5 @eo*slf 00000 000 000000 05 
6 0.00000 @0000 00000 00000 02 6 0.06000 00"00 000000000 00 

r Fr,k' r Frkl-=31 
r,,k ' kk=3 

0 000*000 @000 0 00000000"3 72 0 .""0 0000 00000 00001 2S 
1 -0.0 "000 00000000 0 5 40 1 0.000"0" "0a 000000 000" fl 
2 -0.00,00 00000 00000 0404 16 2 0.0000000,0000 0*000001 30 
3 0.0000000 0 00000 0000" " 3 _-0.0000 00000 0000000000 S? 
4 00000" 0000 00000 00000 24 4 0.000" 0000 0000 0000 00 
5 -0.00000 900000 0 0 00000 03 5 0.00000 0000040000 00000 02 
6 -0.00000 00,00 0000 00000001 

r Fr k 32 r Fr,k, ; 

0 -.000090 #o 0@@0 0 oooo "* o0 -woe"" ""*" o ooo 1000I 
I 000 0000 0000000 00000 Os 3 -0.0""0 00000 0"00 00001 06 
2 0.00000 00000 000 00000 " 2 0*.00" 0000 00,00 00000 30 
3 -0.00000000 00000 11 3 0.0 0000000 00000 00000 13 
4 -0.00000 00000 00"0 000 0 " 

SS 



TANS 4 (Ct1ud.4) 

Coeffiients in tho Eqadca of 

t,(s) a (2,p)4.s S ^(v)S/a) , X ? 0 

owr 

3 eOWNe 000W O Nee" 3 -O.WWS0 0WOO 000W0 00000 03 
4 O.OWN N OWN" 000 @1 

r F ,k a 3B r Fr,k k s 37 

* -S"f000 NO N0 "ON N*N 04 0 S *0 C0O 0 0600 50000 53 
I - 0 * $o 0"" Oo" 04 1 0006 *#*,G, Gos 86400 04 1 

.i5*fl50 NWo* 
00000 

WO" 04 1 -0.00000 fN 00000 " 0000i s el 2 0.000 00000" ""N WN@ 04 eO @@@@@ NNO WO 03 
3 O.NNO 50000005 00000 01 

r F ,ks a M irk' k m 39 r,k 

O 0.00000 OW0N Go" 00 01 The coefficients for k a 39 
1 0.000W ONSO SOON OWN 02 are all zero to 22 deciala. 
Z -0e05 *0 0@0000 50500 SWOX @1 

r Fr,k 40 

0 -.@0@,0 06000 00.00 00000 N 
I -e@e050 OSNO0 @0000 00eo00 51 
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TABULATIONf OF CERTAIN FULLY SYIHTRIC 

NUMERICAL INTEGRATION FOREULAS OF 

DEGREE 7, 9 and 11 

In this paper we tabulate some fully symetric quadra- 

ture formulas which are computed by use of the algorithm 

described in t1]. See diso Lyness [3] for a development of 

a related theory,, and Haber (2] for a review of this theory. 

The formular can be used to approximate three different 

types of lntegrals which take the form 

where is a fully symetric region in Euclidean n-space 

, that is, wfhenever j (x ,.n.,x0) c Rn then y c 

where y is any point obtainable from x by interchanging 

the coordinates of ; or changing the i3ign of the coordinates 

of z . The function w(z) is ai fully symmetric weight 

function, that is, wQ() j w(z), which is positive irn Rn, and 

dV(j) dx1 ..x . The three different tuypes of integrals 

I(f) for which we tabulate formulas are described by 

(a) n - cube ,Rn i { (xt .,2) e 1 1I , 1 - l,2., 

(b) n - sphere , Rr. (x(l Xn) ( ) 3 
w(() = 1; a,nd 

(c) infinite n-space, el, C(xt, ... ,xn) . x) <_) 

Z(zS) - eexp {- E11(xi)2) 


